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ABSTRACT. Let P, be r-dimensional real projective space with r odd, and let m, Diff*:
P, be the group of orientation preserving diffeomorphisms P — P, factored by the normal
subgroup of those concordant (= pseudoisotopic) to the identity. The main theorem of this
paper is that for r = 11 mod 16 the group mDiff*: P is isomorphic to the homotopy
group ,414x(B./Pi-y), where k = d2t — r — 1 with L > ¢{(r + 1)/2) and d2L > r + 1.
The function ¢ is defined by @(/) = {i | 0 < i < /,i = 0,1,2,4 mod(8)}. The theorem is
proved by introducing a cobordism version of the mapping torus construction; this
mapping torus construction is a homomorphism #: m,Diff*: B —> Q,,,(v) for r = 11
mod 16 and 9,,,(v) a suitable Lashof cobordism group. It is shown that ¢ is an
isomorphism onto the torsion subgroup 2,,,(v), and that this subgroup is isomorphic to
T,414%(B./Pi-1) as above. Then one reads off from Mahowald’s tables of 7, (B./B.-,) that
‘lfoDiff*Z Py, =2, and ‘lfoDiff*: Py = 62Z,.

Let P be r-dimensional real projective space, and let 7 Diff*: P. be the group
of orientation preserving diffeomorphisms P — P, factored by the normal sub-
group of those concordant (= pseudoisotopic) to the identity. The object of this
paper is to determine an isomorphism from the group = Diff: P for r = 11
mod 16 to the torsion subgroup of a certain Lashof cobordism group. To define
the cobordism group, let the fibration v: P[/] = BSO be such that B, — P[/]
-> BSO is the Ith stage in the Moore-Postnikov decomposition of the map
B, — BSO classifying an orientation of ky,, where y, = P, is the canonical line
bundle,/ = (r + 1)/2and k = d2 —r— lfor L > (/) and d2 > r + 1; recall
that (/) = # {i | 0<i < Li=0,1,2,4 mod 8}. Let Q,,,(v) be the (r + 1)st
Lashof cobordism group of the composed fibration P[/] -> BSO — BO as in [3]
or [6]. Finally, let {: P — P be the diffeomorphism defined by the matrix

1

-1
Then the theorem is the following.
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Theorem 1. There is an isomorphism t: mDiff*: B — Tors Q,,,(v) for r = 11
mod 16, and t($ o ¢ © ¢) = —t(p).

Corollary 1. For r = 11 mod 16, = Diff*: P, is a finite abelian group.

Let m Diff: B, be the groups of diffeomorphisms P — P factored by the normal
subgroup of those concordant to the identity. Define a homomorphism s: =, Diff:
B — Z, by s(p) = 1if ¢ is orientation reversing and s(p) = 0 if ¢ is orientation
preserving. Then the sequence

1 - % Diff*: B - mDiff: B2 2, > 0
is exact, split as shown. The splitting is defined by 1 — ¢. Thus =, Diff*: P with
Z,, the action of Z, on mDiff*: P being defined by 0-p =¢ and 1-¢
= { o@o{ In the case » = 11 mod 16, we obtain the following corollary of
Theorem 1.

Corollary 2. If r = 11 mod 16, then mDiff: P, is isomorphic to the semidirect
product of Tors Q,,,(v) with Z,, the action of Z, on Tors Q,.,,(v) being defined by
O-x=xandl:-x=—x.

The commutative diagram of fibrations

p, — P[]}

dy:\ /)
BSO

produces a homomorphism from the ky,-cobordism groups to the v-cobordism
groups. By the Thom theorem, the ky,,-cobordism groups are the stable homoto-
py groups of the truncated projective space. Thus we have a homomorphism
7 (B/R-1) > 2,,,(v). Let y = B be the (/ + 1)-plane bundle over B stably
equivalent to (/ — 1)y, and let T(y) be its Thom space. Let,: (KO)™(T(y))
= 7145 (B/R-,) be the j-homomorphism defined in [8].

Lemma. The following sequence is exact:

(K0)™(T(¥)) 4> 7114k (B./B-;) = Tors(Q,4,(v)) > 0.

Proof. According to [8], there is an isomorphism ,;(k) = A,.;(k), where
A,+1(k) is the cokernel of j, and I,,,(k) is the group of free involutions of type
k on homotopy S¢+1)/2x SC¢+)/Zs; for details see [5], [8]. According to H.
Schneider [5] there is an isomorphism I,,(k) = Tors(R,,,(v)). Moreover, it is
straightforward to check that the diagram

T 14kPo/Py_y) — Tors(Q,4, ()

l |-

/\r+1(k) —— r+1(6)
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commutes, where the bottom map is the inverse of the inverse of the isomorphism
L,,(k) > A, (k). The lemma follows.

From Theorem 1 and the lemma above, we obtain immediately the following
theorem.

Theorem 2. Letr = 11 mod 16,r + 1 = 2L,k = d2L — r — 1 where L > ¢(l)
and d2L > r + 1. Then:
(1) % Diff*: P = 7,14 (B./R_,).
(2) mDiff: P is isomorphic to the semidirect product of m,,,,,(B./R-,) with Z,,
the action of Z, on .\, (B,/R_,) being definedby 0- X = X and 1 - X = X.
Proof. For y as above, (KO)™(T(y)) = 0.
Corollary.
ﬂoDiff+: Pu = Zz, ﬂoDiff+: P27 = 622,
"ToDiff: P" = 222, ﬂoDiff: P27 = 722.

Proof. Read 7,,,,(B,/B_,) off Mahowald’s tables [4]. There is no odd torsion
in 7,414 (B/B-,) for r = 11, 27 by results of J. P. May or J. Cohen [13], [14].

Theorem 2. Let r =11 mod 16; r+ 1 = 2/; and k = d2L — r — 1 where
L > o(l) and d2* > r + 1. Then 7%,,,+(B,/R_,) has a direct summand Z,.

Proof. For y as above, KO(T(y)) = 0.
Remark. The following weaker theorem may be easily obtained by means of
well-known methods:

Theorem 2. Let r =11 mod 16, r+ 1 =2l and k = d2L — r— 1 where
L > @I — 1) and d2* > r + 1. Then there is a nontrivial element of order two in
714k (Bo/B-1)-

Proof. Since L = ¢(2/ — 1) = ¢(r) there is a commutative diagram
P,

o

P BSO

r

with the horizontal map a classifying map for the (oriented) normal bundle of P.
Then B, — B, represents an element of the rth cobordism group of ky,,; by the
Thom theorem that is an element a € #7,,(B,/B_,). Let y € ' be the nonzero
clement. Then y - a € 7%, (B,/R-,). The cobordism class of P — B, has a
nonzero characteristic number.

Notation. If M is a submanifold of N, then »(M: N) is the normal bundle of
M in N.If £ > X is a vector bundle, then E(¢) — X is the associated disk bundle
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and S(¢) — X is the associated sphere bundle. R} = {(x;,...,x,) | x, € R, x,
> 0}.

1. Preliminaries. For M a smooth manifold and X C M let Diff (M, X) be the
group of diffeomorphisms of M fixed on X; let C(M,X) be the normal subgroup
of those concordant mod X to the identity. Following Antonelli-Burghelea-Kahn
[1], we write =, Diff: (M, X) for the quotient group Diff(M,X)/C(M,X), and
m Diff*: (M, X') for the subgroup represented by orientation-preserving diffeo-
morphisms. If X = & we write =, Diff: M. We extend this notation to embed-
dings. Let ¥ be a smooth manifold and letj: X — ¥ be a map that extends to an
embedding in V of M. Write £(M,j: V) for the set of embeddings of M in V
extending j. If X = & we write §(M: V). Let mé: (M,j: V') be the quotient of
&(M,j: V) by the equivalence relation of concordance mod j. Fix ¢: M = V an
embedding extending j—it will be the basepoint in the definition of = :
(M. j: V), (p will be omitted if the basepoint is clear). Let j,: M X [0,) U X X I
UMX( —¢l]> VXI be defined by (x,7) = (¢(x),#). Then we set mé:
(M,j: V) = m&: (M X Lj,: VX I). We have the obvious inclusion and restric-
tion maps

Diff(Py_y, B-) — Diff(Py_y) = §(B-: Pyy)
and
Diff(Py_y,N) = Diff(Py-y, B-) = £§(N, L: Py.y),
where L: B, — Py, is the inclusion, which give rise to maps
mDiff: (Pyy, By) = mDiff: Py > mé: (Bt Pyy)
and

7y Diff: (Py_y, N) = mDiff: (Pyy, B3) 2> m&: (N, L: Py,).

The left map in either case is a homomorphism. The middle group in each case
acts on the right term, and the right map in each case is equivariant. Finally, it
is easy to see that each of the sequences above is exact. We wish to extend these
sequences by one term; to do so we define maps

m&: Byt Pyoy)y > mDiff: (Pyy, Ba)

and

mé: (N, L: Py_y) 2> mDiff: (Py_y,N)

as follows.

Construction of 9;. Suppose x € m §&: (B_5: Py._), is represented by the embed-
ding x: B, X I > P,_; X I such that x(»,7) = (y,?) for ¢ near 0 and ¢ near 1.
Clearly there is an extension of x to a diffeomorphism X: Py_y X I — Py X I
such that %(»,) = (»,¢) for ¢ near 0 and X(y,?) = (¢(),?) for ¢ near 1 where ¢
is a diffeomorphism P,_; = P, fixed on B_,. We define 9; x to be element of
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m Diff: (Py_;, B_,) represented by . If X'is another extension as above, leading
to a diffeomorphism ¢, then X' o ¥’ | B, X I = id so that ¢! o ¢’ and id
represent the same class in =y Diff: (Py_;, B-,); that is @ and ¢’ represent the
same class, and 9, x is well defined to be the class of ¢.

0, is a homomorphism. Suppose x, x’ € m§: (B: Py_;). We may choose
representatives x, x’: B., X I — P,y X I such that each is the identity near
P, X 0and B, X 1 and such that x(y,) = (3,7 for t < } and x'(»,7) = (».?)
for t > 1. Then x - X’ is represented by x”, where x"(y,7) = x'(»,2¢) fort <}
and x"(»,8) = (3,2t — 1) for t > 4. Let X and X’ be extensions of x and x’
respectively to diffeomorphisms Py_y X I — P,_; X I; we may assume that
X(»,8) = (,1) for t <} and that X'(»,7) = (¢'(»),?) for t > }. Clearly x” is
isotopic modulo boundary to X o ¥’ | B, X I so that X o X' is a diffeomorphism
Py X I = Py, X I restricting to a diffeomorphism Py,_; X 1 = Py, X 1 repre-
senting 9;(x - x’). But clearly X o X' | Py_; X1 = @o ¢’ X 1.

Construction of 3). The map 9} is constructed in the same way as 9,. If
x € ;& (N,L: Py_,) is represented by the embedding x: N X I — Py X1
constantly the identity near N X 0 and N X 1, let X: Py_; X I = Py_; X I be an
extension of x to a diffecomorphism the identity near P,_, X0 and level
preserving near Py_, X 1. Then x(y,1) = (¢(), 1) with ¢ € Diff(Py_,,N) and
we specify that @ represents 3} x € myDiff: (P,_;, N ). The same argument as for
9, shows that 9] is a homomorphism.

Lemma 1.1. The two sequences

mé: (Ra: Pyy)y 2> mDiff: (Py_y, By) = mDiff: Py
and

m§: (N, L: Py) 2> mDiff: (Py,,N) = % Diff: (Pyy, B5)
are exact.

Proof. Suppose x € ker(mDiff: (Py_,, B.;) = 7 Diff: P,_,). Then x is repre-
sented by ¢: P,_, = P,_,, fixed on B, and there exists a diffeomorphism
X: Py X I = P,_; X I such that x(y,1) = (¢(»),1) and X(»,0) = (»,0). Then
the construction of 9, above applied to X | B., X I = x shows that x represents
z € m& (B, Pyy) such that 3,Z = x. The proof of exactness in the other
sequence is the same.

Lemma 1.2. The map m,Diff: (Py_,, B.;) = mDiff: P,,_, is an isomorphism.

Proof. We have that the following sequence is exact:

m&: (Bogs Pyy)y 2> mDiff: (Pyy, B5) = mDiff: Py y = mé: (Bozy Pyoy)-

There are two homotopy classes of maps B, — P_,. Since 2(/—2) +3
< 2/ — 1, Whitney’s embedding theorem implies that there are exactly two
isotopy classes of embeddings B_, = Py_,. Thus mé¢: (B-,, Py-,) consists of just
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two elements, and it is clear that the image of the right-most map in the sequence
above consists of the isotopy class of embeddings inducing an isomorphism in
the fundamental group. Thus the map of the lemma is an epimorphism. To see
that it is a monomorphism, we examine the other end of the exact sequence. A
map f: B, X I — Py, X1 such that f(x,?) = (x,?) for ¢ near 0 and near 1
induces a map f: B, X s' = P,_,. There are two homotopy classes mod R,
x{0,1} of maps f—the class such that f*w = w and the class such that
f*w = w+ ¢ where w is the generator of H!(P: Z,) or any of its obvious
pullbacks, and § is the generator of H!(S!: Z,) pulled back to H'(B_, X S': Z,).
Since such a map f is already an embedding near B, %X {0,1}, and since
fo: m(R,) = m(Py_,) is an isomorphism for i < / — 2, Haefliger’s theorem on
embeddings implies that to each of the two homotopy classes corresponds exactly
one isotopy class. And since they are homotopically distinct, it follows then that
to each homotopy class corresponds exactly one concordance class. Thus
mé& (By: Pyy), = Z,. Let y € mé: (B.,: Py_,), be the nontrivial class—it is
represented by any embedding f as above such that f*w = w + £ We construct
such an embedding: let g: I - SO(2/) be a path such that g(0) = id and
g(1) = —id. Then let f, be the composition

IX B, 245 SO(21) X By > Py,

where SO(2/) X B., = P,_, is the restriction of the action SO(2/) X Py,
= Py_,. Then define f by f(x,?) = (fy(t,x),?). Clearly f, factors through S!
X E_z:

IxP_, ——— P, ,

exp xid\ /fo

St x Py

where exp ¢ = (cos 2t,sin 2mt). To see that fy*w = w + §, it suffices to check
that the composition S!' <> S! X B, L, P,,_, is homotopically nontrivial. And
to check that, it suffices to see that the composition

I‘ﬂ)Sl‘&)SIXH_zﬁpy_l

lifts to I > S2-1 with h(0) % h(1). But if {+x} C §*2 C S%-! is the inverse
image of * under the canonical projection $-2 — B_,, a lift 4 of that composition
is given by A(f) = g(?) - x. Then h(0) = x # —x = h(1), and f represents y. We
extend f to a diffeomorphism x: Py, = I X Py_; X I by defining xq to be the
composition I X Py_, £25S0(2!) X Py_,—> Py_, and setting x(x, )= (xo(t,X)?).
But then x(x,1) = (x,1) so that the identity map represents 3,y. Thus
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0,: m&: (B, Py_y)L — mDiff: (Py_y, By) is the trivial homomorphism and the
proof of the lemma is complete.

Thus far we have reduced the computation of =, Diff: P,,_, to the computation
of mDiff: (Py_;,R_;). Our next objective is to estimate how closely the group
m Diff: (Py_,, N) approximates the group =, Diff: (Py_;, B_,) via the homomor-
phism 7 Diff: (Py_,, N) = 7 Diff: (Py_;, B-). If { is a vector bundle [{| = X,
let GL({) be the subfiber bundle of Hom($,{) consisting of nonsingular maps.
Then the space T'(GL({)) of sections of GL({) may be interpreted as the space of
vector bundle equivalence { — {. Composition turns I'(GL({)) into an H-space
5o that 7 I'(GL($)) inherits a group structure and 7, T(GL($)) is abelian for
i > 1. Choose an equivalence @: v(B_,: Py_;) = (I + 1)y, where y, = P is the
canonical line bundle. Then define &y: £(N, L: Py_;) = I(GL((I + 1)y_;)) by
setting §f = @ o (df | v(R.5: Py_;)) © ¢~ For any spaces X and Y let [X: Y] be
the space of continuous maps X — Y. Define §;: §(N X I,j,: Py, X 1) > [I:
T(GL((I + 1)y,))] by setting & F(t)(x) = ¢ o d pr o dF(p~'(x), ) where t € I,
x € (I + Dy_y and v(B, X I: Py XI) = v(By: Py_;) X I, and pr: Py_; X I
— P,_, is the projection. Clearly §, F(0) = §, F(1) = §,(id) so that §, factors
through the loop space to define

&2 §(N X L2 Pyy X T) = QT(GL(( + Dyi2)))-
Clearly §, and §, induce maps
8ot mé&: (N, L: Py_,) = m(GL(( + 1)y-))

and
8 :mé (N, L: Py,y) = mQUT(GLU + 1)y2)).

Lemma 1.3. §, and 8, are isomorphisms.

Proof. We leave to the reader the proof that 8, is a homomorphism, and the
definition of a group structure on m8: (N, L: Py_,) such that §, is a homomor-
phism. By Hirsch’s immersion theorem or by the tubular neighborhood theorem,
both maps are onto with trivial kernel, and the lemma is proved.

Now, there is a homomorphism

QT(GL(( + 1)y12)) = T(GL(U + 1y, X §'))

where I" denotes the space of sections the identity over B, X 1. And as in [10],
there exist isomorphisms

wD(GL(( + 1)y1-2)) = m[B_,: GL(R, )]
and

% I'(GL(U + 1)y12 X §')) -=> m|[B_, X S'/B_; X 1: SL(R, )]
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where we write SL(R, o) in the second case since P_, X 1 — id. Finally, the two
right-hand groups above are, respectively,

Z,+ (KO)"'(B,) = 2,+ Z, and
(K0)™'(SB,) + (KO)™!(S") = Z, + Z,.
We are now assuming / = 6 mod 8; the summand Z, in the first group is
introduced by the sign-determinant homomorphism GL(R, c0) = Z,.

Lemma 14. Let | = 6 mod 8. Then the image of the homomorphism m, Diff:
(Py-1,B.5) 2> myt: (N, L: Py_,) is a group of order two, and the image splits back
into o Diff: (Pﬂ’l N }[’.2).

Proof. The diffeomorphism
1 0

PPy = Py

0 -1

is the identity on B, so that it defines an element { € mDiff: (Py_,, B,).
Clearly §2 = 1. But 8,(3,($)) is represented as a vector bundle equivalence by
Y2 ® by =125 y_; © ly,. The map of [10] from 7, GL(§) to m[X: GL(R, )],
for £ = X a vector bundle over a finite CW complex, is defined as follows: Let
¢ be a vector bundle inverse to ¢ and E: £ ® £ — X X R" a vector bundle
equivalence. If y: £ — £ is an equivalence, then E o (y ® id) o E-!is given by a
map X — GL(R,n). We carry the class of y to the class of the composition
X - GL(R,n) > GL(R, ). Since (KO)~"!(B.;) = (KO)~"'(P,) is an isomor-
phism, it follows that we have a commutative diagram of isomorphisms

moGL(( + Dy,) = o [P, 1—2° GLR, )]

moGL(( + 1)) —=— n,y[P,: GL(R, =]

On the other hand it is easy to check that the equivalence —1: y; — y, is carried
by the isomorphism 7, GL(y,) = m[P,: GL(R, )] = Z, + (KO)~"'(P,) to the
element x;, where x, is the generator of Z, and x, the generator of (KO)~"!(P,).
Since x, has order two, we have that the image of 9, contains x;, which splits back
into WoDiff: (Pﬂ—l’II,—Z) via X — {.

It remains to show that the image of 9, is the group generated by x,; it will
suffice to show that 9, is not an epimorphism. Let ¢: Py_, = Py_, be a
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diffeomorphism fixed on P, such that 9, = x,. Let B_; and P}_, be two standard
linking copies of B_; in P,_,, with P, C P,. By Haefliger’s embedding theorem,
we may isotope ¢ modulo P, so that o | B, = id | B, and ¢ | P}, = id | P};.
We may assume that ¢ carries tubular neighborhoods of B, and P;_, linearly
onto themselves. Let P} be a copy of P, in P;_,, and let X be the manifold
I'X Py, collapsed by (0,x) ~ (1,¢(x)). Then we have two embeddings S! X P,
C X and S! X P, => S! X P, C X which induce the same map on fundamental
groups. The normal bundle of the first is a sum of canonical line bundles plus a
nontrivial bundle pulled back from S2 via S! X P, = S$2; this nontrivial addi-
tional bundle arises from the fact that do: v(P;: Py_;) — v(P,: Py_,) is nontriv-
ial. If do: v(P}: Py_) = v(P}: Py_,) were trivial, then the normal bundle of the
second embedding would be a sum of canonical line bundles and the two bundles
would be inequivalent. But there is only one isotopy class of embeddings
S! X P, = X inducing a given map on fundamental group; thus the two bundles
are equivalent and we must have that do: v(P}: P,._,) = v(P}: Py_;) is nontriv-
ial. Now it follows that the two bundle maps v(B.,: Py_,;) &> v(B.,: Py,) and
v(Pj_y: Pyy) &5 v(P)_,: Py_,) defined by do are nontrivial. Realizing v(B.,:
Py 1) as S"'Xz R!, where Z, acts on S”! X R! by (x,y) = (—x,—y), it is
straightforward to check that the bundle map a: v(B.;: Py_;) = v(B.i: Pyy)
defined by afx,y] = [x, T(y — 2(y - x)x)] determines the nontrivial element of
(KO)™'(B_,), where [ ] denotes the equivalence class with respect to the Z,
action and T: R’ —> R’ is the map T(x,,...,x) = (=x;,%3,...,%). It follows
that there exists a map (B, R,;) %> (SO(/),id) such that the induced map
§+1 & SO(1) represents an element of ker(m_,(SO(/)) = m—,(SO(I + 1))) and
such that B8 = a o y where y: v(B.,: Py_,) = v(B,: Py_,) is the map, identity
over B_,, determined by g. Similarly, we have o’: v(B,: Py_,) = v(B.: Py,)
defined by a[x,y) = T(x — 2(x - y)y,y) and (P}, Pj_;) %> (SO(!),id) such
that 8/ = o’ o ¥'. By isotoping ¢, we may assume that there is a covering
diffeomorphism @: S#-! — S%-! such that @ carries tubular equivariant neigh-
borhoods of S-! and S/-! onto themselves. Then on the copy of S*! X S+1x I
between the two tubular neighborhoods,  defines a homotopy between f:
SHFIX S 5 §F1x S and f;: SF1 X S > §+-1x §+-1, where

foley) = (62800 - T(y = 2(x - y)x))

and

fixy) = @) T(x = 2(x - y)y),y).

But fou H_(S"!X S Z,) - H_ (S x S*1: Z,) is represented by the
matrix (§ 1) and f,, by (3 }) so that f, and f; cannot be homotopic. Thus we have
arrived at a contradiction, and the diffeomorphism ¢ cannot exist. Lemma 4 is
now proved.
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If M is orientable, let Diff*(M,X) be the orientation-preserving diffeomor-
phisms fixing X. As above we obtain an isomorphism mDiff*: (Py_;, B-,)
— 7 Diff*: Py_,. Let s: mDiff: P,,_, = Z, be the homomorphism defined by
s(p) = 1 for g orientation reversing and s(p) = O for ¢ orientation preserving.
Then Lemma 1.4 becomes the statement that

(1) 1 - mDiff*: Py, = mDiff: Py, 2 Z, > 0

is split exact, and

(2) the obvious homomorphism =, Diff*: (Py_,, B.;) = (KO)~"'(B.,) is triv-
ial.

From the first of these we see that = Diff: P,,_, is the semidirect product of
m Diff*: P,_, with Z,, the action of Z, on = Diff*: P,_, being defined by
O-p=e¢and 1:-¢ = ¢ o go{ where { is the diffecomorphism in the proof of
Lemma 1.4.

2. The bordism mapping torus. We are seeking to identify the group m, Diff*:
P,_, with a stable homotopy group for / = 6 mod 8. It follows from the
preceding section that m Diff*: (Py_,, B,) is isomorphic to = Diff*: Py_; so it
suffices to find an isomorphism of = Diff*: (Py._,, B-,) with a stable homotopy
group. The stable homotopy group will be a Lashof cobordism group £,,(v) and
the isomorphism #: 7 Diff*: (Py_;, B-3) = 2 (v) will be a bordism variation on
the mapping torus construction.

We begin by constructing a Lashof cobordism theory. Let B, — BSO be a
classifying map for an orientation of the vector bundle ky,, where k = d2L — 2/
with L > (/) and d2L > 2. Let B, — P[/] &> BSO be the Ith stage in the
Moore-Postnikov decomposition of that map. Let F be the fiber of B, = BSO;
we will have a commutative diagram

F/ FI\I P,
|

Fp —— P[]

l .
BSO

where F is the fiber of v and F' the fiber of both F — F and P[/] -+> BSO; we
will have m(F!) = 0 for i <! and #(F') -=> (F) for i > l. Then #(F)
=5 7.(F) for i C [ and 7(F) = 0 for i > I. Now we use the hypothesis that
! =6 mod 8: SO is a double cover of F. Since m(SO) = m_,(SO) =0, it
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follows that 7,(F) = 0 for i > [ — 1. The fibration v defines as in [6] a Lashof
cobordism theory 2, (v).
Next we define the map ¢: g Diff: (Py_;, B;) = Q). If

¢ € Diff(Py-, B-,),

let @: Py, X R = P,_; X R be defined by §(x,?) = (¢(x),7 + 1). Then @ is the
generator of a smooth free action of Z on P,_; X R. Denote the orbit manifold
by T(p)—of course T(p) is just the usual mapping torus. Since ¢ | B, = id, we
have a distinguished embedding B, X S' C T(¢); also we have P,_;, C T(p)
induced by P,_; X0 C Py_; X R. Then B_, X S' N Py_; = B, X 1 so that the
two maps B, X S!' - B, C Py_, C B, and P,_, C B, agree to define a map
R,XS'U Py -b> B. Notice that the composition vy: B, X S' U Py,
-£> B, — BSO classifies an orientation of the stable normal bundle of T(¢p)
restricted to B, X S' U Py_,. It follows that there exists a map ¥(p): T(¢p)
— BSO classifying that orientation of the stable normal bundle, and extending
vo. Thus we have the following commuative diagram

L
P_,xS'UP, — P,

(»)
T(v) BSO

We wish to find a lift v(p): T(p) — P[/] which will keep the diagram commuta-
tive.

Since m (B, X S' U Py_,) = m(T(p)) is an isomorphism and since by re-
stricting the cover Py ;X R — T(p) to B, X S' U P, we obtain B, XR
U Py XZ C Py_; X R, we see that B, X S! U P,_; is a CW(/—1) skeleton of
T(g). It follows that

H/* (T(p), B, X S' U Py_y: m(F)) = 0

for j+ 1 < /— 1. But this group is 0 also for j > I — 1, since m(F) = 0 for
J 2 1—1, so that there is no obstruction to the existence of u(p). Similarly
H/(T(@), B, X S' U Py_: m(F)) = 0 for j < I—1 since B, X S' U Py is
an (/-1) skeleton, but that group is also zero for j > I — 1 since m(F) = 0 then.
Consequently, there is a unique isotopy class (= bundle homotopy class mod
If_z XSty le_|) of lifts U((p) of l7(('p).

We define #(p) by #(p) = cobordism class of (¢). That #(p) is well defined
follows from the fact that 1(¢p) depends uniquely on #p)—a homotopy between
two choices 7y(¢p) and 7,(¢p) of Hp) lifts to a homotopy from v,(p) to v}(p) with
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vi(®) isotopic to v;(p) over 7;(¢p). To see that ¢ is a homomorphism, let
e(p): Py_; X [-1,1] C T(¢) be an embedding such that e(p): Py, X 0 C T(g) is
just the embedding Py_, C T(p) above. Let

X = (T(9) X I) + (Pyoy X [-L1] X T) + (T(9) X 1)/~

where (e(p)(x),1) ~ (x,0) for x € P,y X[-1,1] and (x, 1) ~ (e(¥)(x),1). De-
fine X 2@ P[] by means of T(p)X 1% P[l], Py, X0XI— Py,
@=¥) P[l] and T(y) X 1 22> P[I] and a retraction X — T(p) X 1 U Py,
XO0XTIU T(y) X 1. Then g, ¢) determines a cobordism from v(p) + v(Y) to
v(p © ¢). Finally, a concordance mod B, from @ to ¢ gives rise to a cobordism
from (p) to »(y) by means of constructions like those above, so that finally ¢
factors through =, Diff*: (P,), B.;) to define a homomorphism ¢: 7 Diff*:
(Par-1, B2) = Q(v).

Remark. Let { be the orientation reversing diffeomorphism in Lemma 1.4.
Since {2 = id, the following diagram commutes:

¢ d
le-l XR_D le—l XR
" topod
$ d

Py xR™ > Py xR

a diffeomorphism A: T(p) = T($ o ¢ o ¢) making the following diagram com-
mute:

idvu v
lxslUPZI_l _—_g'PI_zlxsl Ule—l _’Plco

Tiy) 2 > TG o gog) 422D, BsO

Pl—2

Let v($ o ¢ o §) be the lift defined by the right square and v(p) the lift defined
by the outer square. Then clearly v'(p) = v(§ o p o §) o A so v(¢p) and v($ o @
o {) define the same element of 2,(v). But a straightforward argument shows
that the element of Q,,(v) defined by v/(¢) is the negative of that defined by (g).
Consequently we have the formula

(*) togol)=—t(p.

Proposition 1. ¢ is a monomorphism.

Proof. Suppose #(p) = 0. Then there is a 2/ + 1 manifold X with 3X = T(¢p)
and a normal map X — P[/] extending (p). By means of low dimensional
surgery, we may assume that 7(X) => mP[/] and m(X) =0fori < /- 1.1t
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follows that there is no obstruction to extending the embedding B, X S' C 89X
to a map B, X D? —> X. But the map R, X D* - X may be assumed to embed
a boundary collar compatibly in a boundary collar of X. Since the map induces
isomorphisms in 7; for i < / — 3, Haefliger’s embedding theorem applies and we
have an embedding B_, X D? C X extending the embedding B, X S' C 9.X. Let
N’ be a tubular neighborhood of B, X D? in X which agrees with a collared
extension into X of a tubular neighborhood of B_, X S! in X. Let Y be the closure
of X — N’, rounded corners. Now we argue as in [8] or H. Schneider [5].

Lemma 2.1. If A is a finitely generated Z|Z,}-module then H!(Y;A) = 0 for
Jj2l+2 .

Proof. H(Y,0Y;A) = H/(X,0X U B, X D?; A). Clearly
m(aX,I;’_z xSty le_|) =0

fori < 1- 1.1t follows that H(d3X U B, X D> U Py_;) =0fori < /- 1.We
may conclude from the Hurewicz theorem that m(dX U B, X D?, R, X D?
UPy,)=0 for i<I-1 Since B, XD*N Py, = R, we have 7(3X
U B, X D2, P, ) = 0fori <I— 1. The homotopy sequence for a triple now
yields #(X, Py_,) =, (X,0X U B_, X D?) an isomorphism for i < /— 1. But
7m(X) =7 (Py,)=0for i <I-1s0o m(X,0X UR,XD*)=0fori<!
— 1. Now we see that H(Y,dY; 4) = 0fori < /— 1. And then Poincaré duality
implies that H/(Y; A) = 0 forj > I + 2, and the lemma is proved.

Let Y — P[/] be the restriction to Y of the map X — P[/]. Since the fibers of
B,y = B, and B, — P[/] are I-connected, Lemma 2.1 implies that there are no
obstructions to lifting ¥ — P[/] to Y %> B,,. The latter map is a normal map
since the former is one; notice that #(Y) — m(B,,;) is an isomorphism for
i<Il-1

The map Y %> B,, is covered by a bundle map A: v(Y: RT+1) > ky,,,
+ (n — k) for n large. Let a be the transverse to *€ P,,,. Then the framing of
v({+}: B,,) defines a framing of v(a~!(*): Y). Write a”!(+) = (V,3V) C (¥,3Y)
with the framing given by v(V: Y) -#> v({»}: B,,). We consider 9Y first. The
mapping

A ®da: v(dY: R™Y) |9V @ v(dV: 3Y) = (kyy + (n = k) [y ® (I + 1)

gives us, via the Thom-Pontrjagin construction, an element of ,,,(S™*!)
= #Z,. The methods of [11] apply to this situation with little change to show that
if that element is zero, then a | 9V may be homotoped so that 3V = . But the
extension of the bundle map above to

A®da: W(Y: RV w(V: Y))> (kg +(n—k))e®(+1)

shows that the element in question is actually zero, so we may assume 3V = &.
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Assuming 3V = @& now, we may apply the method of [11] again to realize
lower dimensional surgeries of ¥ via homotopies of a. It follows that we may
assume V is (/ — 1)-connected. Since now V is a closed 2/-manifold, H,(V) = 0
fori # 0,1/2, 1 and Hy,(V) is a free finitely generated abelian group. Let T be
a tubular neighborhood of V. We may assume ¢: (clos(Y — T'),9T) — (clos(B,,
— D), S) where clos indicates closure, D is a disk neighborhood of * in B,, and
S is its boundary sphere. Clearly H,(dT) = 0 for i # 0,1/2,1, 3//2,2 and
H,,(3T) = H,;,(3T) = Hy,(V) and H,(d3T) = Z + Z. We may represent one
generator x of H/(dT) by a fiber S' C 9T of 9T — V and the other generator y
by the image of a cross section V' — 9T with trivial normal bundle. Then we have
x:x=y-y=0andx-y = 1,and B,(y) = O where 8: 9T - Sisa | 9T. We
may attach rank Hy,(V) handles of degree //2 + 1 to clos(Y — T') along 3T to
obtain a manifold ¥ and an extension of a | clos(Y — T) to a normal map
(%,0,Y) = (clos(B,; — D),S) with ¥ =0Y + 9, and 9,¥ the result of
surgering a basis of Hy,(9T). Now we have H;(9,Y) = 0 for i # 0, /, 2/ and
H|(9,Y;) = Z + Z with generators x; and y, such that x; - x;, = y, -y, = 0 and
x, +y» = 1 and B,(y) = 0 where 8 = o, | 9, Y. This time y; may be represented
by an embedded / sphere with trivial normal bundle, so it may be surgered by
adding a handle of degree / + 1 to ¥ along 9, ¥ to obtain ¥;. Then we obtain an
extension of a; to a normal map (%,9,%) — (clos(B,, — D),S) where Y,
= 0Y + 9,%; and 9,Y; is a homotopy sphere. What homotopy sphere? Since
0, %, = dQ where Q is the manifold

T U (tk(Hy,(V)) X DY/ x D'?) U D*! x D!,

an odd dimensional parallelizable manifold, we see by Kervaire-Milnor [2] that
d; ¥, must be the standard homotopy sphere. But then by drilling a hole from Y
in Y; to 9; ¥; and restricting a; we obtain ¥; and a normal map a;: ¥; = F. Notice
that 0Y; = 9Y # S% = 3Y.

Lemma 2.2, There is a closed manifold M, homotopy equivalent to S*' X S' and a
smooth free involution M <> M such that M/t = dY.

Proof. By the Seifert-Van Kampen theorem, 7(3Y) = Z, and ,(3Y) — 5(Y)
is an isomorphism. We have seen in the proof of Lemma 2.1 that H(Y,3Y; 4)
=0fori < /-1 and A any finitely generated Z[Z,]-module. It follows that
m(Y,0Y) = 0 for i < /— 1. Consequently 7(3Y) = 0 for 1 <i < /- 2. No-
tice that since ¢ | B, = id, we may isotopy ¢ mod B_, (without changing #(¢p) or
T(p) or X or Y) so that ¢: N -=> N where N is a tubular neighborhood of P_, in
P,,_;. Identifying E((/ — 1)y;) with the closed complement of N we have
oY = (E(U — Dy) X R/S(9)) U S(U + 1y1p) X D?, where S((! + 1)y5) is
identified with dN. Then the double cover 3Y decomposes, 3Y = (D! x §'
X R/@') U (872 x S') X D? where ¢’: §¥-! - §%-1 j5 a diffeomorphism cover-
ing @ and §'(x,7) = (¢'(x),¢ + 1). Now 7_,(3Y) = m_,(3Y) = H_,(0Y) = 0.
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And 7(dY) = m(dY) = H,3Y) = Z + Z. Since there is a normal map Y
— B,,, it follows that 3Y is s-parallelizable, and so that 3Y is homotopy
equivalent to S’ X S’. The lemma now follows.

Since 9Y; = 9Y, Lemma 2.2 implies that 3Y; is the quotient of a smooth free
involution on a homotopy S’ X S'. Let m be the mapping cylinder of a; | 3%;: 3Y;
— P. It follows that (m,dY;) is a Poincaré duality pair. The map a3: ¥; > B,
allows us to extend id: 3Y; = 0Y; to B: (13,9Y;) — (m,dY;), a normal degree one
map. Since the Wall group L,,,,(Z,, +) is trivial, there is an interior cobordism
from B to B’: (Y;,0Y;) = (m,0Y;) with 0Y = 9Y; == 3, and ¥; — m a homoto-
py equivalence. We may embed P, = ¥, by Haefliger’s embedding theorem. Then
Wh(Z,) = 0 implies that ¥, = E(w(B: Y;)) = E((! — 1)y, + 2).

Let Y be a smooth submanifold of int Y such that clos(Y — Y’) = 9Y X I.
Then Y’ == Y so Y’ = 9Y = 0Y. By means of a diffeomorphism 9Y’ == 0¥,
paste clos(X — Y’) and ¥, to obtain a new manifold X’ with 39X’ = 9.X. We have
the inclusion Py, C T(p) = 0X = 0X’' C X".

Lemma 2.3. The inclusion Py_, C X' is a homotopy equivalence.

Proof. X’ is diffeomorphic to the union of E(ly_; X D?) and E(v(B: Y;))
pasted by means of an embedding S(ly_; X D?) C S(v(B: Y;)). By the Seifert-
Van Kampen theorem immediately P,_; C X’ induces an isomorphism of
fundamental groups. Let P}, B, C P,_, be disjoint standard copies of B and
P_,. Recall that E((I + 1)y,._,) is a tubular neighborhood of B, C P,_,, and that
P C Py, — B, is a homotopy equivalence, and that the composition S/ C
S((/ + 1)y3) C Py, — B, is homotopy equivalent to the double cover S/ — B.
Using this fact and the Mayer-Vietoris sequence for the double cover X’ of X, it
follows immediately that the inclusion S%¥-! C X' is a homotopy equivalence.
The lemma follows.

By means of a boundary collar, we may embed P,_, C int X', isotopically
to our original embedding P,_; C 3X’ C X’. A tubular neighborhood of the
new embedding is Py_, X D? and it follows from Lemma 2.3 that clos(X’
— Py_y X D?) is an h-cobordism. Moreover, it contains a trivial A-cobordism
Py, X I—given by the boundary collar above—from P,_; X0 C 39X’ to Py,
X1 C Py X S Let Py_; X 0 X [—1,1] be a tubular neighborhood of P,_, X0
in 0X". Then there is an embedding P_, X I X [-1,1] which is a tubular
neighborhood of P,,_; X I in clos(X’ — Py_, X D?). Now (clos(X’ — Py_; X D?
= Py X IX[-1,1]), Py_y X I X{—1,1}) is a relative h-cobordism with funda-
mental group Z,. Since Wh(Z,) = 0, the s-cobordism theorem states that the
exhibited product structure on the boundary of the h-cobordism extends to all of
CIOS(X' - PZI—I X D? - P2l—l X IX [—l, 1]). Thus ClOS(X/ - PZl—l X DZ) = le_|
X S'XIand 90X’ = Py_; X S'. And then T(p) = 90X’ = P,, X S.

Lemma 2.4, Let M be a smooth connected closed manifold with Wh(m(M)) = 0,

and let , y: M — M be diffeomorphisms. Suppose that there is a diffeomorphism
T(p) -=> T(Y) of the mapping tori, making the homotopy commutative diagram
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T)—=—T(¥)
st /

where the vertical maps are the natural fibrations. Then  is concordant to a
conjugate of .

Proof. Let f: T(p) > T(Y) be the diffeomorphism. Then there is a diffeomor-
phism f: M X R - M X R making the following d ¢ ram commute

f

M xR M xR

)

MxR —J MxR

where (@)(x,?) = (p(x),# + 1) and similarly for {(J). By taking i € Z, large
enough, we see that M X 0 and f(M X i) bound an h-bordism in M X R. Since
Wh(m(M)) = 0, that is an s-cobordism and there is an isotopy A, from
M xi-L MXR to (x,i) > (g(x),0) where g, is some diffeomorphism. The
isotopy may be extended to an isotopy H, of a bicollar of M X iin M X R to
produce Go: M X (i — &,i + £) > M X R with Gy(x,?) = (go(x),? — i). The iso-
topy Yo Hop'on MX(i+1—¢gi+1+e¢)is an isotopy from M X (i + 1
—¢&i+1+¢) > MXRto G, where G,(x,1) = (g(x),z — i). By means of the
isotopy extension theorem, the isotopy H, U ¢ o H, o ! may be extended to an
isotopy Hy: M X (i —&,i + 1 + ¢) > M X R such that o H, = H/ o § wher-
ever both sides are defined. Then, since the translates of M X (i — ¢,i + 1 + ¢) by
@ or § cover M X R, H, has a unique extension to an isotopy H”: M X R
— M X R, such that § o H", = H’, o @, from f to a new diffeomorphism g:
M X R - M X R making the diagram

M xR f . MxR

s

M xR —g—’MxR

i

commute. Since the diffeomorphism (x,7) = (x,# — i) is also equivariant, we

may assume that there is a diffeomorphism g: M X R = M X R making the

diagram above commute and satisfying g(x,0) = (go(x),0) and g(x, 1) = (g, (x),

1). We have in addition that g: M X I — M X I so that g, and g, are concordant.
Thus ¢ = g; o ¢ © g5}, which is concordant to g; o ¢ o g}, and the lemma is

proved.
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To apply Lemma 2.4 to the diffeomorphism T(p) = P,_, X S' = T(id), we
must take into account the possibility that the diagram

Ny) —=— T(id)

sl
might not homotopy commute. Define PO(2/ — 1) to be the quotient of
SO(2/ — 1) by the normal subgroup {id,—id}. Let a: S' = PO(2/ — 1) be a
smooth loop that lifts to a path from id to —id in PO(2/ — 1). There is a smooth
action

PO(ZI- l) X PZI-I g P2l-l°

Define @: Py_; X S' = Py_; X S' by @(x,?) = (a(f) - x,1). Then @ is a diffeomor-
phism. Define another diffeomorphism B: Py_, X §' = P,_; X S! by B(x,?)
= (x,¢71). Then following the given diffeomorphism T(p) — T(id) with @ or B
or both or neither, we obtain a diffeomorphism T(¢) — T(id) making the
diagram

T(y) Ttid)
N\

commute; then Lemma 2.4 implies that ¢ is concordant to the identity, and the
proposition is proved.

3. Epimorphism of ¢. So far we have obtained ¢: mDiff: (Py_;, B.3) = Qy(v), a
monomorphism. It remains to be seen that ¢(nm Diff: (Py_;, B-,)) = Tors(2y(v));
then Theorem 1 will be proved. To see that #(m Diff: (Py_;, B-3)) C Tors(Ry4(v))
we simply notice that the index of T(g) is zero for any ¢ € Diff(P,._,) so that
the image of ¢ is contained in the kernel of the Hirzebruch homomorphism
Qy(v) 124255 Z. Then we apply the’following lemma.

Lemma 3.1. Tors(Qy(v)) = kernel (2y(v) -5 Z),

Proof. H*(P[]: Q) = QlPy.2)/a> Pyss)jas - - - | Where B is the pullback of the
ith Pontrjagin class of BSO. Thus Hy(P[l}: Q) = Q and is detected by B),.
Consequently Hy(P[/]Q) is detected by the Hirzebruch index polynomial L,
with kernel

(Hy(P[I] 42> @) = Tors Hy(P[!])).

Then by the Thom isomorphism theorem and the Hurewicz isomorphism
7 (x) ® Q -=> H,(X: Q) for any X, Tors(Q,(v)) is the kernel of Index = Ly,
and the lemma is proved.

Finally the following proposition completes the proof of Theorem 1.
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Proposition 2. 1: 7y Diff (Py_;, B_,) — Tors Qy(v) is an epimorphism.

Proof. It follows as in [8] that an element p in the kernel of Index: Qy(v) —» Z
is represented by a normal map Q(¢) — P[/] where {: M($) = M({) is a smooth
free involution of a closed smooth s-parallelizable manifold M({) homotopy
equivalent to S’ X S’. To identify the map Q(¢) — P[/] recall from [8] that there
is an embedding B C Q(¢) which lifts to S/ C M({) homotopy equivalent to the
inclusion of a factor S/ C S/X S’ Recall also, from [9], that there is an
embedding S/ C Q(¢) that meets P transversally at one point. The union
B Vv S' C Q(2) is an I-skeleton of Q(¢). The inclusion B C B, together with the
map S! = * € B, defines a lift B V S’/ — B, of the oriented normal bundle map
Q(8) = BSO restricted to B vV S’. The composition BV S/ —» B, » P[l] is a
lift of the same restriction, and by obstruction theory there is a unique lift
Q(¢) = P[!] of the oriented normal bundle map, extending B vV S/ — P[I]. This
is the map Q(§) — P[/]. (There were four choices involved, given Q(¢) alone:
there are two orientations of Q(¢) and there are two possible isotopy classes of
embeddings B C Q({) lifting to factor inclusions S/ C S/X §', but by making
the choices suitably, one obtains a map Q(§) — P[/] representing p.)

Define a free Z, action on S¥-! X D? by letting the involution be —1 X 1. Let
X = S%!' X D*/Z,. Then there are disjoint copies of B and Py._, in 0X, and
v(B:3X) = (= 1)y, + 1 = v(B: Q()). Let E, be a tubular neighborhood of
P in Q() and E, a tubular neighborhood disjoint from P,,_, of B in 3X. There is
a diffeomorphism h: E, => E,. We may assume that the normal map Q({)
— P(!) restricted to E, factors through a map E;, — B,. There is a normal map
X — B, which restricts to E, %> E; — B,. Thus we obtain a v-cobordism
Y = Q@) X1 U X/~ — P[l] where (k(x),1) ~ x for x € E,. Corners may be
rounded on Y so that Y is a smooth v-cobordism. We have Y = Q(¢) + 9, Y.
As in [8], the double cover of Q(¢) is (S! X S') # = where # denotes connected
sum and 2 is a homotopy 2/-sphere. It is easy to see that then the corresponding
double cover of 9,Y is (S! X §¥°1) # 3. Then the universal cover of 9, Y is
R X §%-1. Tt is easy to check that the cover 9 Y of 9, Y with fundamental group
Z, is homotopy equivalent to P,,_;. But.the embedding P,,_, C 9, Y lifts to an
embedding Py_, C 3 Y; since 9, Y is orientable, it follows that 3; ¥ = R X Py_,.
Let 9,Y -5 S! be a map classifying the cover 9, ¥ — 9, Y. Notice that on a
tubular neighborhood I X P,_; of Py_, in 9, Y that map may be taken to be
pry: IX Py, — I C S Then f~!(clos(S' — I)) is an h-cobordism with ends
Py), and so0 a copy of I X Py_,. But then 9, Y = T(p) where @: Py_; = Py, is
some diffeomorphism and the inclusion P,_; C 9, Y coming from P,_; C 90X
— E, is the standard inclusion P,_; C T(p). Then the commutative diagram

P2I—1 P,

" |

3,y ——— P[]}
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becomes the commutative diagram

Py — P,

" |
T6) —— Pl

We may assume by Lemma 1.2 that ¢ | B, = id. Then the diagram above
restricts to

P, —— P,
n
S' xP_, —— P[i]

and we see that there is a unique lifting S' X B, — B, extending B, — B.. Now,
the embedding S' C S'X R, C T(p) = 9, Y was originally an embedding
S! C D?* C X. Since the map T(p) — P[/] extends to Y — P[/], the map
S! — P[I] extends to D?> C X X P[l] so that the map S! — P[!] is trivial. Then
we may assume that S' X B, > B, is S' X B, & B, — B.. Thus the normal
map T(p) — P[/] representing N is precisely the map v(¢) in the definition of /(g).
Consequently 7(gp) = p and the proof of Proposition 2 is complete.
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